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ACYLINDRICAL HYPERBOLICITY OF SUBGROUPS
ABHIJIT PAL AND RAHUL PANDEY
Abstract. Suppose G is a finitely generated group and H is a finitely
generated subgroup of G. Let ∂MG denote the Morse boundary of G
with Cashen-Mackay topology. In this article we show that if the limit
set Λ(H) of H in ∂MG contains at least three points and is compact
then H is an acylindrically hyperbolic group.
1. Introduction
In recent times, bordifications of finitely generated groups and studying
subgroups with respect to given bordification have created a lot of interest.
Gromov boundaries of word hyperbolic groups are well studied object. A
subgroup H of a word hyperbolic group G is said to be k-quasiconvex if
geodesics with end points inH lie in k-neighborhood ofH. In terms of action
ofH on the Gromov boundary of G, it has been proved by Swenson [14], H is
quasiconvex if and only if the action of H on the weak hull of limit set Λ(H)
is cocompact. For an arbitrary finitely generated recent efforts have been
made to define a boundary which is generalisation of Gromov boundary. A
geodeisc ray γ in a space is said to be Morse if for any K ≥ 1, ǫ ≥ 0 there
exists a constant N = N(K, ǫ) such that any (K, ǫ)-quasigeodesic with end
points on γ lie in N -neighborhood of γ. Cordes in [6] defined boundary of
a proper geodesic space by taking all asymptotic Morse rays starting from
a fixed point and it was called Morse boundary. Cordes in [5] equipped the
boundary with direct limit topology motivated by the contracting Boundary
of CAT(0) spaces defined by Charney and Sultan in [4]. Direct limit topology
on the Morse boundary has several drawbacks, in general it is not even
first countable and hence not metrizable. To rectify this situation Cashen
and Mackay in [3] introduced a new topology on the Morse boundary and
it was called topology of fellow travelling quasi-geodesics. They showed
that Morse boundary of a finitely generated group with this topology is
metrizable. A subgroupH of a finitely generated group G is said to be stable
subgroup if the inclusion i : H →֒ G is quasi-isometric embedding and any
pair of points of H can be connected by a Morse quasigeodesic. Let ∂DLM G
denote the Morse boundary of a finitely generated group G with direct limit
topology. Cordes in [6] using this direct limit topology introduced the notion
of boundary convex cocompact subgroups of finitely generated groups. A
finitely generated subgroupH of G is said to be boundary convex cocompact
if the limit set Λ(H) taken in ∂DLM G is a non-empty compact set and action
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of H on the weak hull of Λ(H) is cobounded. Cordes in [6] proved that a
finitely generated subgroup H of a finitely generated group G is stable if
and only if H is boundary convex cocompact in G.
Osin in [12] introduced the notion of acylindrically hyperbolic groups. An
action of a group G on a metric space (X, d) is said to be acylindrical if for
every ǫ > 0 there exists R,N > 0 such that if d(x, y) > R then there are at
most N elements g of G such that d(x, gx) < ǫ and d(y, gy) < ǫ. A group is
called acylindrically hyperbolic if it admits a non-elementary acylindrical ac-
tion on a hyperbolic space. Recently Bin Sun in [13] gave a dynamical char-
acterization of acylindrically hyperbolic groups in the line of dynamical char-
acterization of hyperbolic groups (work of Bowditch [2],Freden[9],Tukia[15])
and relatively hyperbolic groups(work of Yaman [16]). An action of a group
G on a compact metrizable topological spaceM by homeomorphism is called
a convergence action if the induced diagonal action on space of distinct
triples
Θ3(M) = {(x1, x2, x3) ∈M
3 | x1 6= x2, x2 6= x3, x1 6= x3}
is properly discontinuous. A convergence group G is called elementary
if it preserves setwise a nonempty subset of M with at most two elements
otherwise non-elementary. Bin Sun in [13] proves that non-elementary con-
vergence groups are acylindrically hyperbolic (See Corollary 1.3 of [13]).
We denote the Morse boundary of a finitely generated group G with fel-
low travelling quasigeodesics topology by ∂FQM G. Then ∂
FQ
M G is metrizable
(Corollary 8.6 of [3]). Let H be a finitely generated subgroup of G and take
the limit set Λ(H) of H in ∂FQM G. Each element of group G acts on ∂
FQ
M G
by homeomorphism and each element of H leaves Λ(H) invariant. Thus H
acts homeomorphically on Λ(H). So it is natural to anyalyse the H action
on Λ(H) if Λ(H) is compact subset of ∂FQM G. Our main theorem (Theorem
5.1) says that this action is convergence action.
Theorem 1.1. Given a finitely generated group G. Let H ≤ G be a finitely
generated subgroup such that Λ(H) ⊆ ∂FQc G has at least three elements. If
Λ(H) is compact subset then the action of H on space of distinct triples
Θ3(Λ(H)) is properly discontinuous.
One immediate corollary we can deduce from above by applying Bin sun’s
result (Corollary 1.3 of [13]) is following:
Corollary 1.1.1. Any finitely generated subgroup H of a finitely gener-
ated group G with Λ(H) compact and action of H on Λ(H) non-elementary
implies that H is acylindrically hyperbolic group.
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2. Morse & Contracting Quasi-geodesics
Definition 2.1. (1) (Quasi-isometry): Let (X, dX ) and (Y, dY ) be two
metric spaces. A map f : X → Y is said to be a (K,C)-quasi-
isometric embedding if following holds:
1
K
dX(a, b) − C ≤ dY (f(a), f(b)) ≤ KdX(a, b) +C, ll a, b ∈ X.
In addition if there exists D ≥ 0 such that ND(f(X)) = Y , then f is
said to be a quasi-isometry between X and Y . Where ND(f(X)) :=
{y ∈ Y | d(y, f(X)) ≤ D}.
(2) (Quasi-geodesic): Let X be metric space. Given a map c : I → X,
where I is any interval in R with usual metric, is (K,C)-quasi-
geodesic if c is (K,C)-quasi-isometric embedding.
Definition 2.2. (Morse Quasi-geodesic): A quasi-geodesic γ in a geodesic
metric space X is called N -Morse if there exists a function N : R≥1×R≥0 →
R≥0 such that if q is any (K,C)-quasi-geodesic with end points on γ then
q ⊆ NN(K,C)(γ).
We call N the Morse Gauge of γ; we note that gauge is just a function and
need not be associated to quasi-geodesic.
A function ρ is sublinear if it is non-decreasing, eventually non-negative,
and limr→∞ρ(r)/r = 0.
Definition 2.3. (Contracting Quasi geodesic): Let γ(: I → X) be a quasi-
geodesic in a geodesic metric space X. Let πγ : X → 2
γ(I) : x 7→ {z ∈
γ | d(x, z) = d(x, γ(I))} be closest point projection to γ(I). Then, for
sublinear function ρ, we say that γ is ρ-contracting if for all x and y in X:
d(x, y) ≤ d(x, γ(I)) =⇒ diam(πγ(I)(x), πγ(I)(y)) ≤ ρ(d(x, γ(I)))
We say a quasi geodesic γ is contracting if it is ρ-contracting for some
sublinear function ρ.
Note: In the above two definitions one can take any subset Z of X in-
stead of quasi-geodesics.
Theorem 2.4. (Theorem 1.4 of [1]) Let Z be a subset of a geodesic metric
space X. The following are equivalent:
(1) Z is Morse.
(2) Z is contracting.
Moreover,the equivalence is effective, in the sense that the defining function
of one property determines the defining functions of the other.
Example of contracting(or Morse) quasi geodesics include quasi-geodesics
in hyperbolic spaces, axis of pseudo-Anosov mapping classes in Teichmuller
space([10]) etc.
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3. Morse-Boundary and Topology on it
Definition 3.1. Given a sublinear function ρ and constants L ≥ 1 and
A ≥ 0, define:
k(ρ, L,A) := max{3A, 3L2, 1 + inf{R > 0| for all r ≥ R, 3L2ρ(r) ≤ r}}
Define:
k′(ρ, L,A) := (L2 + 2)(2k(ρ, L,A) +A).
Proposition 3.1. (Lemma 4.4 of [3]) Suppose α is a continuous, ρ-contracting,
(L,A) - quasi-geodesic and β is a continuous (L,A) - quasi-geodesic ray such
that d(α0, β0) ≤ k(ρ, L,A). If there are r, s ∈ [0,∞) such that d(αr, βs) ≤
k(ρ, L,A) then dHaus(α[0, r], β[0, s]) ≤ k
′(ρ, L,A). If α[0,∞) and β[0,∞)
are asymptotic then their Hausdorff distance is at most k′(ρ, L,A).
Notation:If f and g are functions then we say f  g if there exists a
constant C > 0 such that f(x) ≤ Cg(Cx + c) + C for all x . If f  g and
f  g then we write f ≍ g.
Lemma 3.2. (Lemma 6.3 of [1]) Given a sublinear function ρ and a con-
stant C ≥ 0 there exists a sublinear function ρ′ ≍ ρ such that if Z ⊆ X and
Z ′ ⊆ X have Hausdorff distance at most C and Z is ρcontracting then Z ′
is ρ′contracting.
Lemma 3.3. (Lemma 3.6 of [3]) Given a sublinear function ρ there is a
sublinear function ρ ≍ ρ′ such that every subsegment of a ρ-contracting
geodesic is ρ′-contracting.
Definition 3.4. (Contracting Boundary, ∂cX): Let X be a proper geodesic
metric space with basepoint o. Define ∂cX to be the set of contracting
quasi-geodesic rays based at o modulo Hausdorff equivalence.
Proposition 3.2. (Lemma 5.2 of [3]) For each ζ ∈ ∂cX:
(1) The set of contracting geodesic rays in ζ is non-empty.
(2) There is a sublinear function:
ρζ(r) := sup
α,x,y
diamπα(x) ∪ πα(y)
Here the supremum is taken over geodesics α ∈ ζ and points x and
y such that d(x, y) ≤ d(x, α) ≤ r
(3) Every geodesic in ζ is ρζ-contracting.
Definition 3.5. (Cashen-Mackay Topology, [3]): Let X be a proper geo-
desic metric space. Take ζ ∈ ∂cX. Fix a geodesic ray α
ζ ∈ ζ. For each
r ≥ 1 define U(ζ, r) to be the set of points η ∈ ∂cX such that for all L ≥ 1
and A ≥ 0 and every continuous (L,A) - quasi-geodesic ray β ∈ η we have
(*) d(β, αζ ∩N cro) ≤ k(ρζ , L,A).
Define a topology on ∂cX by
(**) FQ := {U ⊂ ∂cX | for all ζ ∈ U, there exists r ≥ 1, U(ζ, r) ⊂ U}
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The contracting boundary equipped with this topology was also called topol-
ogy of fellow travelling quasigeodesics by Cashen-Mackay [3] and denoted by
∂FQc X.
The contracting boundary of a proper geodesic metric space provides
a bordification of X by X¯ := X ∪ ∂cX as follows. For x ∈ X take a
neighborhood basis for x to be metric balls about x. or ζ ∈ ∂cX take a
neighborhood basis for ζ to be sets Uˆ(ζ, r) consisting of U(ζ, r) and points
x ∈ X such that we have d(γ,N cro∩α
ζ) ≤ k(ρζ , L,A) for every L ≥ 1, A ≥ 0,
and continuous (L,A)-quasigeodesic segment γ with endpoints o and x. Let
h = h(ρζ , L,A) be a function such that h ≥ k. Let Uh(ζ, r) be the set of
points η ∈ ∂cX such that for all L ≥ 1 and A ≥ 0 and every continuous
(L,A) - quasi-geodesic ray β ∈ η we have
d(β, αζ ∩N cro) ≤ h(ρζ , L,A),
where N cro = X \B(o; r). Then U(ζ, r) ⊂ Uh(ζ, r). Cashen-Mackay proved
that U(ζ, r) is a neighborhood of ζ. So, Uh(ζ, r) is also a neighborhood of ζ
in Cashen-Mackay topology.
Proposition 3.3. (Proposition 5.15 of [3] ) X¯ := X ∪ ∂cX topologized
as above defines a first countable bordification of X such that the induced
topology on ∂cX is the topology of fellow-travelling quasi-geodesics.
Definition 3.6. (Limit set, Λ(G)): If G is a finitely generated group acting
properly discontinuously on a proper geodesic metric spaceX with basepoint
o we define the limit set Λ(G) := Go\Go, the topological frontier of orbit
of o under the G-action in X¯ .
Theorem 3.7. Let X be a proper geodesic metric space with ∂cX 6= ∅.
Then sequence of bi-infinite geodesic γn corresponding to sequence of distinct
pairs (ζn, ηn) in ∂cX such that ζn → ζ, ηn → η, ζ 6= η in Cashen-Mackay
topology,then γn passes through a bounded set.
Proof. Let k1 = k(ρζ , 3, 0),k2 = k(ρη, 3, 0) k = max{k1, k2}.
Let γ be a geodesic joining η and ζ. Take a point o on γ. Consider pn to
be a nearest point projections from o to γn. We will prove that pn lies in
a bounded set. Let αn = [o, pn] ∪ [pn, ζn) and α
′
n = [o, pn] ∪ [pn, ηn), where
[o, pn] is a geodesic from o to pn, and [pn, ζn), [pn, ηn) are segments of γn
after pn in direction of ζn, ηn respectively. The paths αn and α
′
n are (3, 0)
quasi-geodesics.
Since ζn → ζ, ηn → η in Cashen-Mackay topology, for r ≥ 1 there exists
N(= N(r)) such that for all n ≥ N
(3.1) d{αn, γ((r,∞))} ≤ k , d{α
′
n, γ((−∞,−r))} ≤ k
Case 1: Let points of αn and α
′
n which are k-close to γ((r,∞)) and
γ((−∞,−r)) respectively lie on segments [pn, ζn) and [pn, ηn) respectively
for all but finitely many n. Let these points be xn, yn. Then by using Morse
property of γ, γ|[−r,r] lie in a bounded Hausdorff distance from the portion
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of γn between xn and yn. This bound depends only on the Morse function
of γ and k. Thus, pn’s lie in a bounded set.
Case 2: If possible, let us assume that d(o, pn)→∞. Suppose the points of
αn which are k-close to γ((r,∞)) lie on segments [o, pn] for infinitely many
n for any given r. For the case where points of α′n which are k-close to
γ((−∞,−r)) lying on [o, pn] will follow similarly.
For any given r ≥ 1 we have some n such that [o, pn] is k-close to γ((r,∞))
and α′n is k-close to γ((−∞,−r)). As α
′
n is k-close to γ((−∞,−r)), there
exists point xn ∈ α
′
n and x
′
n ∈ γ((−∞,−r)) such that d(xn, x
′
n) ≤ k.
Also we will get a point yn ∈ [o, pn] and a point y
′
n ∈ γ((r,∞)) such that
d(yn, y
′
n) ≤ k. Let β
r
n = [x
′
n, xn] ∪ [xn, yn] ∪ [yn, y
′
n], where [x
′
n, xn], [yn, y
′
n]
are geodesics joining points x′n to xn and yn to y
′
n respectively, [xn, yn] are
segments of α′n between xn,yn. Clearly β
r
n is (3, 2k) quasi-geodesic joining
points x′n to y
′
n. As α
′
n are (3, 0) quasi geodesics and d(o, pn) → ∞ we will
get some n such that d(βrn, γ{[−r, r]} > r − k. This is contradiction to the
fact that γ is Morse.
Hence the claim.

Lemma 3.8. Let X be proper geodesic metric space with non empty con-
tracting boundary. Let ζn be a sequence in ∂cX converging to ζ in Cashen-
Mackay Topology. Let o be a fixed base point in X and γn sequence of con-
tinuous (K, ǫ)-quasi geodesics starting from o and representing points ζn in
the boundary. Let pn be a point on γn such that d(o, pn) → ∞. Then pn
converges to ζ in Cashen Mackay Topology.
Proof. Let βn be any continuous (L,A) quasi geodesic joining points o and
pn. Let α
ζ be a geodesic starting from o representing point ζ in the boundary.
As ζn converges to ζ in Cashen Mackay topology, so for all r ≥ 1 there exists
N = N(r) such that
d(γn, α
ζ ∩N cro) ≤ k(ρζ ,K, ǫ)
where N cro = X \B(o; r). Now for any γn satisfying the above condition we
have points xn on α
ζ [r,∞), point yn on γn such that d(xn, yn) ≤ k. The
portion of γn between o, yn and the portion of α
ζ between 0, xn are at a
bounded Hausdorff distance from each other, the bound depends only on
ρζ ,K, ǫ.
Now if pn lie between o and yn in γn then there exists k
′ = k′(ρζ ,K, ǫ) ≥ 0
such that d(βn, α
ζ ∩N cro) ≤ k
′.
Let us assume that pn lie in γn after yn. Let zn be a nearest point pro-
jection for yn on βn. Consider subsegment of γn between o to yn, this sub
segment lies in a bounded Hausdorff with sub segment of αζ between o to
xn(see Proposition 3.1). By Lemma 3.2 subsegment between o to xn on α
ζ
is uniformly contracting for some sublinear function ρ where ρ ≍ ρζ and
by previous arguement subsegment between o to yn on γn is uniformly con-
tracting where contraction function is determined by contraction function
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ρζ , K and ǫ not on r or n. Now consider (2L + 1, A)-quasi geodesics be-
tween o to yn as follows, first take sub segments of βn between o to zn then
travel from zn to yn by any geodesic. As every sub segment between o to
yn on γn is uniformly contracting, this imply that d(yn, zn) ≤M , where M
depends only on L,A, ρζ ,K and ǫ. Let h(ρζ , L,A) = k(ρζ , L,A) +M . Then
d(βn, α
ζ ∩N cro) ≤ h(ρζ ,K, ǫ) for all n ≥ N . So, pn → ζ in Cashen-Mackay
topology. 
4. Approximate Barycenters
Let G be a finitely generated group. Let CA(G) be the Cayley graph
of G with respect to some finite generating set A. Consider |∂FQc G| ≥ 3.
Let (a, b, c) be a distinct triple of ∂FQc G. By joining the points a, b, c with
bi-infinite geodesics, we have a △(a, b, c) whose vertices are a, b, c. △(a, b, c)
is called ideal triangle for the point (a, b, c). As a, b, c lie in Morse boundary
of G, the sides of the triangle △(a, b, c) are Morse geodesics. By taking the
maximum of Morse functions, we can assume that the sides of △(a, b, c)
are N -Morse for a single Morse gauge N . There exists δ = δ(N) ≥ 0 such
that sides of △(a, b, c) lie in a δ-hyperbolic metric space CNA (G) contained
in CA(G).
Definition 4.1. (Approximate barycenter of triangles): Given δ ≥ 0. A
point x in CA(G) is said to be an approximate δ-barycener for the △(a, b, c)
if distance of x from the sides of △(a, b, c) is at most δ.
Lemma 4.2. (Lemma 3.13 of [11]) Diameter of the set of δ-barycenters of
△(a, b, c) is bounded by some constant depending only up on δ and Morse
functions of sides of the triangle △(a, b, c).
5. Main result
Let G be a finitely generated group G. Cashen-Mackay in [3] proved that
the Morse boundary ∂FQc G is a metrizable space. Let H ≤ G be a finitely
generated subgroup such that Λ(H) ⊆ ∂FQc G. Then the limit set Λ(H)
is also metrizable by equipping it with subspace topology inherited from
∂FQc G. Let us assume that Λ(H) contains three distinct points. Then the
space Θ3(Λ(H)) of distinct triples of Λ(H) is non-empty.
Theorem 5.1. If Λ(H) ⊆ ∂FQc G is compact and Λ(H) contains at least
three distinct points, then the action of the subgroup H on Θ3(Λ(H)) is
properly discontinuous.
Proof. Towards contradiction assume this is not the case. Then there ex-
ists K ⊆ Θ3(Λ(H)) compact and sequence {hn} of distinct elements of H
such that hnK ∩K 6= ∅. This implies that there exists sequence of points
{(an, bn, cn)} and {(a
′
n, b
′
n, c
′
n)} in K such that hn(an, bn, cn) = (a
′
n, b
′
n, c
′
n).
Since Θ3(Λ(H)) is metric space and K ⊆ Θ3(Λ(H)) is compact, by se-
quential compactness {(an, bn, cn)} of K, up to a subsequence, {(an, bn, cn)}
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converges to a point say (a, b, c) ∈ K. Again by sequential compactness
of K, {(a′n, b
′
n, c
′
n)} has a subsequence say {(a
′
nk
, b′nk , c
′
nk
)} converging to
(a′, b′, c′) ∈ K. Also, we have (ank , bnk , cnk)→ (a, b, c). So, without any loss
of generality, we assume (an, bn, cn) → (a, b, c) and (a
′
n, b
′
n, c
′
n) → (a
′, b′, c′)
in Θ3(Λ(H)) .
Let △(a, b, c), △(a′, b′, c′) be ideal triangles corresponding to the points
(a, b, c) and (a′, b′, c′) respectively. Sides of △(a, b, c) and △(a′, b′, c′) we
can take to be uniformly Morse (take maximum of Morse functions of tri-
angles). That means both triangles are uniformly thin so we have points
say B(a,b,c) and B(a′,b′,c′) in the Cayley graph of G such that these points
are δ-approximate barycenters of △(a, b, c) and △(a′, b′, c′) respectively for
some δ ≥ 0. The constant δ depends only on the Morse functions of
sides of △(a, b, c) and △(a′, b′, c′). Now consider geodesic triangles △n
and △′n corresponding to points (an, bn, cn) and (a
′
n, b
′
n, c
′
n) respectively. As
(an, bn, cn)→ (a, b, c), by Theorem 3.7, there exists M such that B(a,b,c) are
δ +M(= δ′, say) barycenter for triangles △n. Since hn acts by isometry,
hn(B(a,b,c))’s are δ
′ barycenters of triangles △′n.
Claim: hn(B(a,b,c))’s lie in a bounded set.
Proof of Claim: Let xn, yn and zn be respective points on the sides
[an, bn],[bncn] and [an, cn] of triangles △n such that d(B(a,b,c), xn) ≤ δ
′,
d(B(a,b,c), yn) ≤ δ
′ and d(B(a,b,c), zn) ≤ δ
′. Suppose hn(B(a,b,c))’s does not
lie in a bounded set. Then hn(xn)’s will also not lie in an bounded set.
hn(xn) lies on some bi infinite geodesic, say αn, joining points a
′
n and b
′
n.
Also consider pn to be the nearest point projection of o on αn. Take the
path α′n which is concatenation of any geodesic between o to pn and then
sub segment of αn which contains xn. As we have proved in Theorem 3.7
that d(o, pn) ≤ C for all n, then α
′
n will be (1, C) quasi geodesics. By
applying Lemma 3.8, passing to a subsequence if necessary, we get that
hn(xn) converges either to a
′ or b′ in Cashen-Mackay topology. Let us take
hn(xn)→ a
′. Similarly we get that hn(yn) converges either to b
′ or c′ but as
d(hn(xn), hn(yn)) = d(xn, yn) ≤ 2δ
′ we must have either a′ = b′ or a′ = c′.
This is a contradiction as we have assumed a′, b′ and c′ to be distinct. Hence
the claim.
Since hn’s were taken to be distinct above claim gives that hn(B(a,b,c))’s lie
in a bounded set and since space (Cayley graph of finitely generated group
G) is proper this contradicts the fact that H acts properly discontinuously
on the Cayley graph of G.
Hence H acts on Θ3(Λ(H)) properly discontinuously. 
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